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Abstract
We present here a fundamental solution method for two-dimensional viscous "ow problems with obstacles
in a two-dimensional periodic array. Our problem is mathematically a boundary value problem of the Stokes
equations with periodic boundary conditions, to which it is di3cult to give a good approximation by the
ordinary fundamental solution method. We propose a fundamental solution method for our problem based on
the periodic fundamental solution obtained by Hasimoto (J. Fluid Mech. 5 (1959) 317). In our method, the
solution is approximated by using a linear combination of the periodic fundamental solutions.
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1. Introduction
The fundamental solution method [6–8] is a fast solver for boundary value problems of partial
diBerential equations and is widely used in science and engineering for the reasons that (i) it is
easy to program, (ii) its computational cost is low and (iii) it achieves high accuracy under some
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Fig. 1. Flow past obstacles in a two-dimensional periodic array of the periods a1; a2.
conditions. The purpose of this paper is to present a fundamental solution method for two-dimensional
viscous "ow problems with obstacles arranged inDnitely in a two-dimensional periodic array (see
Fig. 1).
The fundamental solution method gives an approximate solution by using a linear combination
of the fundamental solutions. For example, in a two-dimensional potential problem on a domain
D(⊂ R2) 1
u= 0 in D;
u= f on 9D;
(1)
where  is the Laplace operator: = 92=9x2 + 92=9y2 and f is a function deDned on the boundary
9D, the method gives an approximate solution of the form
u(x) ≈ uN (x) = Q0 +
N∑
j=1
QjE(x− j); (2)
where
E(x) =− 1
2
log |x| (3)
is the fundamental solution of the Laplace operator, Qj(∈R; j=0; 1; 2; : : : ; N ) are unknown constants
and j(∈R2 \ LD; j= 1; 2; : : : ; N ) are given points. Physically the above approximate solution uN (x)
simulates the solution u(x) by the superposition of the electrostatic potentials induced by the point
charge Qj at the point j. Remark that the approximate solution uN (x) satisDes exactly the Laplace
equation in the domain D. The unknown constants Qj (j=0; 1; 2; : : : ; N ) are determined so that the
approximate solution uN (x) satisDes approximately the boundary condition.
In this paper, we are concerned with problems of "ow which is steady, incompressive, slow and
viscous. Then the basic equations of our problem are the Stokes equation, a linear approximation of
1 Throughout this paper, R denotes the set of all real numbers and Z the set of all integers.
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the Navier–Stokes equation,
C− gradp= 0 (4)
and the continuity equation
div C= 0; (5)
where C= C(x) is the velocity, p= p(x) is the pressure and  is the viscosity.
We know the Stokeslet as a fundamental solution of the above equations. The Stokeslet is the
solution of the equations
C− gradp+ K(x) = 0; (6)
div C= 0 (7)
(K is a given constant vector) and given by
C(x) =− 1
4
T0(x)K ; (8)
p(x) =− 1
4
0(x) · K ; (9)
where
T0(x) = log|x|
(
1 0
0 1
)
− 1|x|2
(
x2 xy
xy y2
)
; (10)
0(x) =−2 x|x|2 (11)
(see [3, Section 71]). Physically, Stokeslet (8), (9) illustrates the "ow induced by a point force K
acting on the point x = 0. The fundamental solution method using the Stokeslet approximates the
solution of the boundary value problem of Eqs. (4) and (5) in a domain D(⊂ R2) by
C(x) ≈ CN (x) = C0 +
N∑
j=1
T0(x− j)Qj; (12)
p(x) ≈ pN (x) =
N∑
j=1
0(x− j) ·Qj; (13)
where C0(∈R2) is a constant vector, N is a positive integer, Qj(∈R2; j = 1; 2; : : : ; N ) unknown
constant vectors and j(∈R2 \ LD; j = 1; 2; : : : ; N ) are given points. The approximate solution (12),
(13) simulates the solution by the uniform "ow C0 plus the superposition of the "ows induced by
the point force −4Qj (j=1; 2; : : : ; N ) acting on the point j. Remark that the right-hand sides of
(12), (13) satisfy exactly the Stokes equation (4) and the continuity one (5). The unknown constant
vectors Qj (j = 1; 2; : : : ; N ) are determined so that the approximate solution (12), (13) satisDes
approximately the boundary condition.
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The above fundamental solution method by the Stokeslet is applicable to a problem of "ow in
a bounded domain. To our problem, however, the above method is not applicable directly because
the solution of our problem is obviously a periodic function and is di3cult to approximate by using
form (12), (13). To overcome this di3culty, we construct a new fundamental solution method based
on the periodic fundamental solution presented by Hasimoto [2]. He obtained in his paper [2] the
two or three-dimensional periodic fundamental solutions, i.e., the solution of the equations
C− gradp+ K
∑
a
(x− a) = 0; (14)
div C= 0; (15)
where K is a constant vector and the summation in (14) is taken over all the lattice points a, and
applied them to a study of viscous "ows past cylinders or spheres of small radius in a periodic
array. In this paper, we apply this periodic fundamental solutions to our problem and propose a
fundamental solution method which approximates the solution of our problem by a linear combina-
tion of the periodic fundamental solutions. Some numerical examples show our method to be very
e3cient.
In Section 2, we prepare some notations and formulate our problem mathematically. In Section
3, we present the periodic fundamental solution of the Stokes equations and, using this solution, we
propose a new fundamental solution method for the periodic solution of our problem. In Section 4,
we show some numerical examples. In Section 5, we make concluding remarks and refer to future
problems.
2. Formulation of our problem
In the beginning of this section, we prepare some notations. The domain of our problem is
mathematically given in the following way. Let a1, a2 be linearly independent two-dimensional
constant vectors, L be the lattice space of the basis a1; a2:
L= {n1a1 + n2a2 | n1; n2 ∈Z} (16)
and L∗ be the reciprocal lattice space corresponding to D:
L∗ = {m1k1 + m2k2 |m1; m2 ∈Z}; (17)
where k1 and k2 are the bi-orthogonal basis with respect to a1 and a2, i.e., the vectors satisfying
the relation
ai · kj = ij (i; j = 1; 2): (18)
Let D0 be a bounded domain whose boundary 9D0 is a closed Jordan curve and, for each a∈L,
Da be the domain given by
Da = {x+ a | x∈D0}: (19)
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The domains Da (a∈L) are obstacles in the "ow. Using the above notations, the domain of our
problem D is given by
D= R2
∖{⋃
a∈L
Da
}
: (20)
By using the above notations, our problem is mathematically formulated in the following way.
Our problem is a boundary-value problem of the Stokes equation and the continuity one coupled
with the nonslip boundary condition:
C− gradp= 0 in D; (21)
div C= 0 in D; (22)
C= 0 on 9D: (23)
3. Fundamental solution method by the periodic fundamental solution
In this section, we present a fundamental solution method for our problem.
The solution C(x) of our problem is obviously a periodic solution of the periods a1, a2, i.e., a
function satisfying that
C(x+ a) = C(x) (x∈D; a∈L); (24)
which is di3cult to approximate by the ordinary fundamental solution method presented in Section
1. In order to approximate this periodic solution, we present a new fundamental solution method by
using the periodic fundamental solution presented by Hasimoto [2].
The periodic fundamental solution of the Stokes equations for the lattice space L is the solution
of the equations
C− gradp+ K
∑
a∈L
(x− a) = 0; (25)
div C= 0 (26)
and is given by
C(x) =− 1
4
T(x)K ; (27)
p(x) =− 1
4
(x) · K ; (28)
where
T(x) =−
(
1 0
0 1
)
S1(x) +
(
92x 9x9y
9y9x 92y
)
S2(x); (29)
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Fig. 2. The velocity Delds C(x) of the periodic fundamental solutions with a force in the direction of the x-axis K=(|K |; 0)T
for the square lattice space LS and the triangular lattice space LT. The small circles in the Dgures are lattice points
a∈LS or LT. In the above Dgures, velocity vectors near lattice points are not drawn because the periodic fundamental
solution diverges and the velocity is inDnite at each lattice point.
(x) =−4
0
x+ ∇S1(x); (30)
S1(x) =
1
0
∑
k∈L∗\{0}
ei2(k·x)
|k|2 ; (31)
S2(x) =− 1430
∑
k∈L∗\{0}
ei2(k·x)
|k|4 (32)
(9x = 9x; 9y = 9=9y and 0 is the area of a unit cell). Physically, the periodic fundamental solutions
(27), (28) illustrate the "ow induced by the force K acting uniformly on each lattice point a(∈L).
Each element of the matrix T(x), which are inDnite sums, can be computed by Ewald’s technique
[1], which is also reviewed in [2]. Fig. 2 shows the velocity Delds C(x) of the periodic fundamental
solutions with a force in the direction of the x-axis: K = (|K |; 0)T for the square lattice space
LS = {ma(S)1 + na(S)2 |m; n∈Z}; a(S)1 = (a; 0)T; a(S)2 = (0; a)T (33)
(a¿ 0) and the triangular lattice space
LT = {ma(T)1 + na(T)2 |m; n∈Z}; a(T)1 = (a; 0)T; a(T)2 =
(
a
2
;
√
3a
2
)T
(34)
(a¿ 0).
We use this periodic fundamental solution to construct a fundamental solution method for our
problem, that is, we approximate the solution by using a linear combination of the periodic
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Fig. 3. The charge points j (j = 1; 2; : : : ; N ) and the collocation points xi (i = 1; 2; : : : ; N ).
fundamental solutions:
C(x) ≈ CN (x) = C0 +
N∑
j=1
T(x− j)Qj; (35)
p(x) ≈ pN (x) =
N∑
j=1
(x− j) ·Qj; (36)
where N is a positive integer, C0=(v0x; v0y)T(∈R2) is a given constant vector, Qj=(Qjx; Qjy)T(∈R2;
j=1; 2; : : : ; N ) unknown constant vectors called the charges and j=(jx; jy)T(∈D0; j=1; 2; : : : ; N )
given points called the charge points (see Fig. 3). Approximation (35), (36) simulates the solution by
the uniform "ow C0 plus the Dnite sum of the "ows induced by the force −4Qj acting uniformly
on each lattice point j + a (a∈L). Remark that the approximate solution CN (x) satisDes exactly
the equations (21), (22) and is a periodic function with the periods a1; a2, i.e.,
CN (x+ a) = CN (x) (x∈D; a∈L): (37)
The unknown charges Qj (j = 1; 2; : : : ; N ) are determined from the collocation condition, i.e.,
the condition that the approximate solution CN (x) satisDes the boundary condition (23) on a Dnite
number of the collocation points xi(∈ 9D0; i = 1; 2; : : : ; N ):
CN (xi) = 0 (i = 1; 2; : : : ; N ) (38)
(see Fig. 3). The equalities (38) are rewritten into
N∑
j=1
T(xi − j)Qj =−C0 (i = 1; 2; : : : ; N ); (39)
which form a linear system with respect to Qj (j = 1; 2; : : : ; N ). For a given constant vector C0
meaning the mean velocity
C0 = lim
D0⊂D;D0↑D
1
|D0|
∫
D0
CN (x) d2x; (40)
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where |D0| is the area of a bounded domain D0(⊂ D), we determine the unknown vectors Qj (j=
1; 2; : : : ; N ) by solving the linear system (39) and obtain the approximate solution CN (x).
We can also compute the force F acting on each obstacle Da(a∈L) using the data of our method
by the formula
F ≈ FN = 4
N∑
j=1
Qj: (41)
The above formula can be understood intuitively in the following way. The term T(x− j)Qj (j =
1; 2; : : : ; N ) on the right-hand side of (35) illustrates the "ow induced by a force −4Qj acting on
each lattice point j + a(a∈L). Then, from the law of action–reaction, the force F is given by the
sum of all the forces 4Qj (j=1; 2; : : : ; N ). A derivation of the formula (41) is shown in Section A
in the appendix.
4. Numerical examples
In this section, we show numerical examples for some typical cases. All the computations in this
section were carried out on a SONY PCV-L330A/BP personal computer using programs coded in
C with double precision working.
We show numerical examples for the problem of "ow past cylinders in a square lattice array, i.e.,
"ow in the domain
DS = {x∈R2‖x− a|¿r (∀a∈LS)} (0¡ 2r ¡a) (42)
and "ow past cylinders in a triangular lattice array, i.e., "ow in the domain
DT = {x∈R2‖x− a|¿r (∀a∈LT)} (0¡ 2r ¡a); (43)
where a is the distance of the centers of adjacent two cylinders in (33) or (34). The collocation
points xj (j = 1; 2; : : : ; N ) and the charge points j (j = 1; 2; : : : ; N ) are, respectively, taken to be
xj = r
(
cos
(
2(j − 1)
N
)
; sin
(
2(j − 1)
N
))
j = 0:5r
(
cos
(
2(j − 1)
N
)
; sin
(
2(j − 1)
N
))


(j = 1; 2; : : : ; N ): (44)
Fig. 4 shows the velocity Delds of the "ows obtained by our method, where the mean velocity C0
is taken to be in the direction of the x-axis: C0 = (|C0|; 0).
In order to assess the performance of our method, we computed the error of the approximate
solution on the boundary:
= max
x∈9D
{ |CN (x)|
|C0|
}
= max
x∈9Da
{ |CN (x)|
|C0|
}
: (45)
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Fig. 4. The velocity Delds of "ows with a mean velocity C0 in the direction of the x-axis in the domain DS (past a square
lattice array of cylinders) and in the domain DT (past a triangular lattice array of cylinders).
Fig. 5. The error on the boundary  for the "ows past cylinders in a square lattice array (♦) and in a triangular lattice
array (+).
In Fig. 5 we show the values of , when our method is applied to the problems of "ows past
cylinders in a square lattice array and in a triangular lattice array. In both examples, the ratio of
r (the radius of the cylinders) to a (the distance between the centers of two cylinders adjacent to
each other) is taken to be r=a = 0:2. From this Dgure, we observe that the error on the boundary
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Fig. 6. The forces acting on the obstacles in the "ows past cylinders in a square lattice array (♦) and in a triangular
lattice array (+).
decays exponentially as the number of points N becomes large. This observation suggests that our
method may be highly e3cient.
We also computed the forces acting on obstacles in the "ows using formula (41). Fig. 6 shows
the forces acting on cylinders in a square lattice array and in a triangular lattice array, where “area
concentration” is deDned by
area concentration =
r2
0
(46)
and indicates how much the space is occupied by the obstacles. From this Dgure, we observe that
the force acting on the cylinders in a square lattice array is stronger than the force acting on the
obstacles in a triangular lattice array. It implies that the resistance of the square lattice array of
cylinders is larger than the one of the triangular lattice array. In other words, we can say that the
triangular lattice array of cylinders is easier to be passed through than the square lattice array.
In the case of the square lattice array of cylinders of small radius, Hasimoto obtained an approx-
imation formula [2]
|F | ≈ 4|C0|
log(a=r)− c if ra; (47)
H. Ogata et al. / Journal of Computational and Applied Mathematics 152 (2003) 411–425 421
Table 1
The value c˜ deDned by (50), which is expected
to be near to the constant c(=1:31053 29259 : : :)
in (48) if ra
r=a c˜
1:0E− 1 1.27993 19276
1:0E− 2 1.31021 91031
1:0E− 3 1.31053 00333
1:0E− 4 1.31053 31435
1:0E− 5 1.31053 31746
1:0E− 6 1.31053 31749
1:0E− 7 1.31053 31749
1:0E− 8 1.31053 31749
c=
1
2

1 + + log −
∑
n∈Z2\{0}
[
e−|n|2
|n|2 − Ei(−|n|
2)
]

=1:31053 29259 : : : ; (48)
where (=0:57721 56640 : : :) is Euler’s constant and Ei the exponential integral:
− Ei(−x) =
∫ ∞
x
e−

d (x¿ 0): (49)
In order to validate Hasimoto’s result (47), (48), we computed the value c˜ deDned by
|F |= 4|C0|
log(a=r)− c˜ ; (50)
which is expected to be near to the constant c in (47) if ra. Table 1 shows the value c˜ obtained
by using the approximate force FN of (41). From this table, the value c˜ obtained by our method
makes a good agreement with the value c of Hasimoto’s result.
5. Concluding remarks
We presented in this paper a fundamental solution method for two-dimensional viscous "ow prob-
lems with obstacles in a two-dimensional periodic array, where the solution is approximated by using
a linear combination of the periodic fundamental solutions of the Stokes equations. Some numerical
examples show our method to be very e3cient. We also found from the numerical examples that
the triangular lattice of cylinders is easier to be passed through than the square lattice of cylinders.
Future problems related to this paper are
• Extensions of our method to problems of three-dimensional "ows past obstacles in a periodic
array.
• Applications of our method to analysis of "ow through porous media.
422 H. Ogata et al. / Journal of Computational and Applied Mathematics 152 (2003) 411–425
Acknowledgements
The authors are grateful to the referees for their valuable comments.
Appendix A. Derivation of the formula for computing the forces
In order to obtain the force acting on an obstacle, we have to evaluate the rate of change of the
momentum "ow inside a closed curve C surrounding the obstacle per unit time, 2 that is, the force
F = (Fx; Fy)T acting on an obstacle is given by
F =−
∮
C
dG ; (A.1)
where dG = (dGx; dGy)T is the momentum "ow out of the curve C through an inDnitesimal line
segment ds per unit time (see Fig. 7). The inDnitesimal momentum "ow dG is given by
dG = $Cvn ds− Pn ds ≈ −Pn ds; (A.2)
where $ is the mass density of the "uid, n is the unit normal vector of the segment ds (see Fig. 7),
vn = C · n, P is the stress tensor (see [5, Section 21.14]):
P=
(
pxx pxy
pyx pyy
)
; (A.3)
pxx =−p+ 2 9vx9x ; pyy =−p+ 2
9vy
9y ; pxy = pyx = 
(
9vx
9y +
9vy
9x
)
(A.4)
and the term $Cvn ds is omitted on the right hand side since the speed v = |C| is assumed to be
very small and terms of order O(v2) are negligible. For further computations, it is convenient to
use the complex forms: the complex coordinate z = x + iy, the complex velocity W = vx − ivy and
the complex momentum "ow G=Gx − iGy. Then the inDnitesimal complex momentum "ow dG in
(A.2) is rewritten into the complex form
dG=dGx − idGy
=−(pxxnx − pxyny) ds+ i(pyxnx + pyyny) ds
=−(pxx − ipyx) dy − i(pxy − ipyy) dx; (A.5)
2 The discussion presented here is similar to the one in [4, Section II.6.4].
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Fig. 7. The momentum "ow dG out of a closed curve C through an inDnitesimal line segment ds.
where we used nx ds= dy; ny ds=−nx on the third equality. Now we have from (A.3)
pxx − ipyx =−p+ 29vx9x − i
(
9vx
9y +
9vy
9x
)
=−p+ i
(
9
9x − i
9
9y
)2
'
=−p+ 4i9
2'
9z2 : (A.6)
On the right-hand side of (A.6), ' is the stream function which gives the velocity by
vx =
9'
9y ; vy =−
9'
9x (A.7)
and whose existence is assured from the continuity equation (5). Similarly we have
pxy − ipyy = i
(
p+ 4i
92'
9z2
)
: (A.8)
Substituting (A.6) and (A.8) into (A.5), we have
dG= ip d Lz − 49
2'
9z2 dz
= ip d Lz + 2i
9W
9z dz
= ip d Lz + 2i
(
dW − 9W9 Lz d Lz
)
; (A.9)
where we used 9'=9z =−(i=2)W on the second equality. Finally, using
9W
9 Lz =−
i
2
!; where !=
9vy
9x −
9vx
9y (the vorticity); (A.10)
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we get
dG = 2i  dW + i(p+ i!) d Lz: (A.11)
Substituting (A.11) into (A.1) and remarking that W is a single-value function, we have
Fx − iFy =−
∮
C
dG =−i
∮
C
(p+ i!) d Lz
=
∮
C
(! dx − p dy)− i
∮
C
(p dx + ! dy)
=−
∫
S
(
9p
9x + 
9!
9y
)
dx dy + i
∫
S
(
9p
9y − 
9!
9x
)
dx dy; (A.12)
where S is the interior of the closed curve C and we used Green’s formula on the third equality.
We can obtain an approximate force by substituting p ≈ pN and ! ≈ !N = 9(vNy)=9x− 9(vNx)=9y
into (A.12). The approximate pressure pN (x) and the approximate vorticity !N (x) are given by
pN (x) =
N∑
j=1
pj(x); !N (x) =
N∑
j=1
!j(x); (A.13)
where
pj(x) =− 40 Qj · (x− j) + (Qj · ∇)S1(x− j); (A.14)
!j(x) =
(
Qjx
9
9y − Qjy
9
9x
)
S1(x− j) (A.15)
and we used the relation
S2(x) = S1(x) (A.16)
in deriving (A.15). Then the force F = (Fx; Fy)T acting on an obstacle is approximated by
Fx − iFy ≈
N∑
j=1
{
−
∫
S
(
9pj
9x + 
9!j
9y
)
dx dy + i
∫
S
(
9pj
9y − 
9!j
9x
)
dx dy
}
: (A.17)
Using the relations (A.16) and
S1(x) = 4
[
1
0
−
∑
a∈L
(x− a)
]
; (A.18)
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it is easily shown that
9pj
9x + 
9!j
9y =−4Qjx
∑
a∈L
(x− j − a); (A.19)
9pj
9y − 
9!j
9x =−4Qjy
∑
a∈L
(x− j − a): (A.20)
Substituting (A.19), (A.20) into (A.17), we obtain formula (41).
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